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IN MEMORY OF NORMAN LEVINSON 
Certain eigenvalue problems with complex eigenvalues are examined in this 
article. Explicit solutions are given. These problems are important in the study 
of galaxies and plasma containment. The origin of galactic spirals is explained 
in terms of the type of unstable modes studied in this article. 
1. INTRODUCTION 
Norman Levinson proved important theorems on Schrodinger’s 
equation. In his memory, we present some mathematical studies of 
certain eigenvalue problems which occur in the theory of plasma physics 
and of self-gravitating systems such as galaxies. The method can also 
be easily applied to the Schrodinger equation with a potential function 
obtained by the reflection of the curve in Fig. 1 about the horizontal 
axis. The eigenvalue problem in this case does not always lead to a real 
energy. There can be eigenvalues with a small imaginary part, as is 
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FIG. 1. Schematic diagram showing the variation of ke (the square of the wave 
number defined in Eq. (1.1) in the text) as a function of radial distance r. 
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familiar in the Breit and Wigner formula in scattering theory (see 
119 Pa 4w* 
Mathematically, the problem treated here is more general. In the case 
of quantum mechanics, the eigenvalue enters the problem in a linear 
manner. Here it is quadratic. If w is the eigenfrequency, then the 
function k2 given in Eq. (2.1) below has the form 
k2 = X2W) + g(r)[w - W>121, (1.1) 
where A2 is a large parameter andf(r), g(r), and Q(r) are given functions 
which are real for real values of r. We have furthermore 
g(r) > 0, Q(f) > 0, KY(r) < 0. (1.2) 
We often have to deal with the case f(r) G 0 for a certain range of 
values of r; in that case K2 has a double zero at r = reo , where Q(r,,) = w. 
Note that o may be complex. Indeed, we are most interested in cases 
where the imaginary part of w = wr + iui is negative, Such solutions 
correspond to unstable modes in galaxies and may be used to describe 
the origin of the spiral structure of galaxies [2]. In Section 6, we give 
an explicit dispersion relationship which allows easy determination of 
the eigenvalues of the parameter w. 
2. THE DIFFERENTIAL EQUATION AND THE BOUNDARY CONDITIONS 
We consider the following differential equation whose physical basis 
is discussed in a paper by Lin and Lau [3] 
where 0 < r < co, m2 is an integer, and K2 = X2k,2 is defined by (1.1). 
We note that when k2 is a constant, (2.1) is the Bessel equation. We first 
consider cases where k2 has a behavior shown in Fig. 1, with a simple 
zero at r = rce and a double zero at r = rCo . We then consider more 
general cases in which k2 does not have the simple zero at r = ree 
(Sect. 7). 
The boundary conditions to be satisfied are 
u remains bounded at r = 0 
and 
(2.2) 
uefiWt behaves like an outgoing wave for large values of Y. (2.3) 
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Clearly, for large values of I, where Ka > 0, we would be tempted 
to take Re(K) > 0. But the boundary condition (2.3) requires us to 
take Re(k) < 0 for large values of Y. Once the branch of K is thus defined, 
the analytic continuation of K should be made along the real axis when 
we are dealing with amplified modes. We get, for example, Re(K) > 0 
in the interval rce < Y < Y,, . 
3. ASYMPTOTIC SOLUTIONS AWAY FROM TURNING POINTS 
There are two turning points in the problem at Y = Y,, and Y = Y,, , 
respectively. We also have the singular points: 0, a. Away from these 
special points, we have the simple asymptotic solutions of the exponential 
type 
11 - e*ffkdr. (3-l) 
To be more specific, let us define the variables 
z=-- 
i 
‘kdr=X ’ 
s dy(g(y)>“” [w - Q(r)], (3.2) r’oo rco 
(3.3) 
where the real part of K is positive for 1 Y,, 1 < r < 1 re,, I. Let us fix 
our attention on this range of values of.r. Then Re(x) > 0, Re([) > 0. 
Note that we have chosen the sign of z to conform to the notation in [3]. 
The solutions may be written in either of the following forms 
24 - A(Y, e) e+ + B(r, e) eiz (3.4) 
24 - C(r, e) eic + D(r, e) e-ic (3-5) 
where A, B, C, D (and other similar symbols to be introduced later) 
are asymptotic series in powers of E = h-l. Since the two forms of the 
solutions should be identical, we have 
where 4 is defined by 
C(Y, c) = A(Y, e) ei*, 
D(r, 6) = B(Y, l ) e-im, 
+ = -j’” k dr. 
‘w 
(3.6) 
(3.7) 
(3.8) 
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We cannot formally use the forms (3.4) and (3.5) to satisfy the 
boundary conditions (2.2) and (2.3), because the solutions actually have 
different asymptotic forms outside of the range r,, < r < r, . We must 
now examine a complete neighborhood of the turning points r = r, 
and r = Y,, . 
4. UNIFORMLY VALID SOLUTIONS NEAR r = Y, 
In the neighborhood of a simple zero of K2, it is well known that this 
turning point problem involves Bessel functions of order $. Indeed, in 
terms of the variable 5, Eq. (2.1) becomes, to the lowest order in h, 
$+f+$+U=o (4.1) 
provided we do not come close to the origin r = 0. In order to guarantee 
the bounded nature of the solution at the origin, we require the solution 
of (4.1) to be exponentially small for large ) 5 I, with arg 5 = 3~/2. 
The general solution of (4.1) is well known to be given by a linear 
combination of solutions of the type 
uo = 5’W,3(5), (4.2) 
where ,&,a is a Bessel function of order *. As is well known (see Appen- 
dix), the proper solution is given by 
u = LY~H,,,(O, (4.3) 
where 
HI,&‘) SE eni16H,(:;(<) + e~‘~l~H$([). 
For -rr < arg 5 < n, we have 
(4.4) 
H&9) - (-$)1’2 2 ~0s (1- +). 
To obtain the asymptotic behavior for 0 < arg 5 < 27r we introduce 
the variable 2 = ceemi. Then, we find that 
HI/s(l) s e(n/6)iH$&Z) N (-$)l” exp [ 4 (i - %)] (4.6) 
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in the sector desired. This function is recessive for rr < arg 5 < 27~, 
which covers the part of the real axis 0 < r < 1 Y, /. 
For higher approximations, we must consider solutions of the form 
(see, for example, [4, p. 3461) 
u = Q, 4 uo(5) + O(e). (4.7) 
Clearly, if the solution is now developed into the form (3.5), the ratio 
C : D is obtainable from (4.5) in the lowest approximation; i.e., 
C . D = &n/4 : &r/4 = 1 . i . . (4.8) 
5. UNIFORMLY VALID SOLUTIONS NEAR T = Y,, 
These solutions have been discussed by Lin and Lau [3]. To the 
lowest order, the solution is given by a particular choice of 
ua = x~/*Z~,~(X), whose asymptotic behavior is given by 
2 l/2 
uo- -y ( 1 x-l/4 exp [-i (z - +)] 
for Y > r,, , and by 
) z I-1/4[21/2ei(z+(Sn/8)) + e-i(z-(7n/8H] 
for Y < 1 I,, I. From (3.4) and (5.2) it follows that 
A i -= 
B 21/2' 
(5-l) 
(5.2) 
Again, this ratio applies even when the differential equation is more 
complicated, because the solution is then of the form 
u = G(x, c) uo(z) + O(r). P-4) 
6. THE DISPERSION RELATION 
From (3.6), (3.7), (4.8) and (5.3), it follows that 
e2iQ = -y/2. (6.1) 
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or 
2 1”” K dr = (2n + 1)7r + i In 21/2. (6.2) 
Tee 
This is the basic ‘dispersion relation which yields discrete values for the 
parameter w. 
If w = wr + icq has a small imaginary part, then or is determined by 
the condition 
and oi is determined by the condition 
2~~ I”” (L%/&J), dr = In 21f2. 
rc. 
(6.4) 
We can interpret (6.4) in physical terms by introducing the group 
velocity 
c, = --(azpwy. (6.5) 
Then (6.4) can be written as 
1 wi 1 7 = In 21j2 or eJwilr= p/2 (6.6) 
where T is the time for a group of waves to travel a cycle from r,, to Y,, 
and back to Y,, . Equation (6.6) states that the e-folding time is 
T = r/in 21i2. (6.7) 
Physically, it means an increase of amplitude by a factor of 2112 for each 
cycle. 
We have thus completely solved the eigenvalue pro.blem in the 
asymptotic theory. The eigenfunctions can be easily obtained by formal 
substitutions of the forms (4.7) and (5.4) into the original differential 
equations. 
For galaxies, the discussion of the physical applications is given in 
a note by Lau, Lin and Mark [2], where reference is also given to the 
analogous problem in plasma physics. In the case of the galactic disk, 
the waves are all trailing because of the presence of an overriding factor, 
as was explained by Lin and Lau [3]. 
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7. REFLECTION FROM THE CENTER 
We now return to the original problem and consider the case where 
k2 does not have an inner zero. We shall see that the singularity at 
r = 0 will serve the same purpose of reflecting the waves. 
To see this, let us introduce the transformation 
Then (2.1) becomes 
I = roes. 
-$ + (k2r,2ez8 - m2)u = 0. 
(7.1) 
(7.2) 
Clearly, the equivalent k2 is now given by 
k,2 = k2r02@ - m2 = &2 - ma. (7.3) 
The turning point always exists at 
&,,2@ = m2 or k2r2 = m2 . (7.4) 
The term me in (7.2) does not change the theory near r = r,, by any 
significant extent, since its effect can be included in the higher approxi- 
mations. 
For large negative values of S, Eq. (7.2) clearly has solutions of the 
form 
u - efms, (7.5) 
where only the exponentially small solution ems is to be retained. Thus, 
u N ems N rm (7.6) 
which is well known for Bessel function. The singularity at the center 
thus serves as a reflector of waves just ,as before. The eigenvalue condi- 
tion (6.2) applies. 
APPENDIX: ASYMPTOTIC SOLUTIONS NEAR A TURNING POINT 
For convenience of reference, we collect below the formulas important 
for the asymptotic behavior of solutions near a simple turning point. 
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The asymptotic behavior for the Hankel functions are well known 
to be (see [5, g. 1981) 
fP(5) - (g2 exp a 5 - &a - 1 [. ( 4 )I , 
IT?‘(<) - (-$)1’2 exp [-i (5 - &rr - T)]. 
(1) 
(2) 
These formulas hold, respectively, for --rr < arg < < 27r, -2n < 
arg i < r. Clearly, the linear combination 
fq{) = ,Wni~y(1’(5) + ,41/2b”ip(5) (3) 
has the asymptotic behavior, for --x < arg 5 < 7r, 
H&J - (-$)“” 2 cos (5 - ;) for all v. (4) 
For the problem at hand, we need the asymptotic expansion for 
H”(4) for other angular domains. In this case, we can show that (cf. [5, 
Eqs. (3, (6), p. 751) 
H,,,(Q = e”“W,(:~(Z), 2 = [e-ni. (59 
Hence, we can get a single asymptotic expansion for 
-T < arg Z < 2~ or 0 < arg 5 < 37r. (6) 
We find, by using (l), 
4,263 - (-$)l” exp{--i(l; - a/4)}. (7) 
Clearly (4) and (7) must agree in the overlapping region defined by 
0 < arg 5 < V. This is indeed easily verified, since (7) gives a dominant 
expression, as does (4). For the next angular region defined by 
r < arg 5 < 27~, (7) gives a recessive solution. For given 1 &’ I, the 
solution is least for arg 5 = 3rr/2. This is indeed the neighborhood of 
greatest interest for physical applications. 
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